A master equation approach for the description of dark-state polaritons in coherently driven atomic media is presented. This technique provides a description of light-matter interactions under conditions of electromagnetically induced transparency (EIT) that is well suited for the treatment of polariton losses. The master equation approach allows us to describe general polariton-polariton interactions that may be conservative, dissipative or a mixture of both. In particular, it enables us to study dissipation-induced correlations as a means for the creation of strongly correlated polariton systems. Our technique reveals a loss mechanism for stationary-light polaritons that has not been discussed so far. We find that polariton losses in level configurations with non-degenerate ground states can be a multiple of those in level schemes with degenerate ground states.
I. INTRODUCTION
Photons are ideal carriers for quantum information over long distances. This is due to the large propagation speed of light and the fact that photons in free space do not interact with each other. On the other hand, the generation of highly entangled light fields and the realization of photon gates requires strong photonphoton interactions [1] . Nonlinear media can mediate an effective interaction between photons, but the strength of this induced coupling is usually weak. Thus the realization of strong photon-photon interactions is a major challenge in quantum information science. Similarly, strong photon-photon interactions are a key requirement for quantum optical implementations of highly correlated many-body systems [2] . A substantial research effort [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] is currently devoted to these systems where combined excitations of light and matter, i.e. polaritons, reproduce the dynamics of bosons with tunable mass and different interaction types. Several effects in correlated many-body systems were considered, including the realization of Bose-Hubbard models [3] [4] [5] [6] 14] , quantum transport [8, 9] , nonlinear effects in driven dissipative systems [7, 15] , Bose-Einstein condensation [11] , and the realization of a Tonks-Girardeau gas [10, 12, 13] of polaritons.
Dark-state polaritons [16] [17] [18] represent bosonic quasiparticles that arise in light-matter interactions under conditions of electromagnetically induced transparency (EIT) [19] . The generic EIT scheme consists of a gas comprised of three-level atoms in Λ configuration that are driven by a strong control field and a weak probe field on separate transitions. EIT gives rise to a multitude of intriguing effects like the slowing and stopping of light [20] [21] [22] , the coherent storage and retrieval of light [16, 17, [23] [24] [25] and stationary light [11, [26] [27] [28] [29] [30] [31] [32] [33] . Of particular relevance for quantum optical realizations of strongly correlated many-body systems is stationary light where the polaritons experience a quadratic dispersion relation like bosons in free space. Moreover, EIT in atomic four-level systems gives rise to a strongly enhanced Kerr nonlinearity for the probe fields [34] [35] [36] [37] [38] [39] [40] . This effect results in a two-particle contact interaction between the polaritons that can be conservative [12, 41] or dissipative [13] .
Experimental setups that show great promise for the realization of strongly correlated polariton systems are arrays of coupled microcavities doped with emitters [42] [43] [44] [45] [46] or optical fibers that couple to atoms [47, 48] . In general, strong light-matter interactions require the confinement of light to small interaction volumes. Here we consider the experimental setup [47] shown in Fig. 1 , where photons and atoms are simultaneously confined to the hollow core of a photonic-crystal fiber, and the level scheme of each atom is shown in Fig. 2 . Since the light-guiding core of the optical fiber is of the same order of magnitude as the optical wavelength, the fiber represents a one-dimensional waveguide for the optical fields. Note that a second potential realization is comprised of the experimental setup in [48] , where multi-color evanescent light fields surrounding an optical nanofiber couplê 
FIG. 2. (Color online)
Atomic level scheme. γij is the full decay rate on the |i ↔ |j transition, δ and ∆ label the detuning of the probe fields with states |3 and |4 , respectively, and ε is the two-photon detuning.
to atoms trapped in an optical lattice. Existing descriptions [16, 17] of dark-state polaritons in EIT systems are based on a Heisenberg-Langevin approach for the polariton field operator. Here we present a different approach and derive a master equation for the reduced density operator of dark-state polaritons. The master equation technique facilitates the treatment of polariton losses and allows one to account for general polariton-polariton interactions that may be conservative, dissipative or a mixture of both. This is an important achievement since it opens up the possibility to study dissipation-induced correlations [49, 50] in polariton systems. Dissipative polariton-polariton interactions are promising in the quest for highly correlated systems since they can be considerably stronger than their conservative counterparts [13] . Second, our method reveals an additional loss term for stationary-light polaritons whose importance depends on the structure of the atomic level scheme and that was not discussed in the literature yet. This paper is organized as follows. In Sec. II we set up a master equation for the atoms interacting with the quantized probe and classical control fields inside the 1D waveguide, see Figs. 1 and 2. We then transfer the original master equation into a master equation solely for dark-state polaritons. This process is detailed in Sec. III and consists of four steps. First, we show that the entire problem can be described in terms of bosonic quasiparticles if the number of atoms is much larger than the number of probe field photons, see Sec. III A. The concept of dark-state polaritons is introduced in Sec. III B, and the formulation of the original master equation of Sec. II in terms of dark-state polaritons and all other excitations is presented in Sec. III C. In the final step of the derivation we trace out all excitations except for the dark-state polaritons, see Sec. III D. The master equation for dark-state polaritons under conditions of stationary light and for arbitrary (conservative or dissipative) polariton-polariton interactions is presented in Sec. IV. Here we summarize all conditions that grant the validity of our approach. The special case where the level scheme in Fig. 2 is reduced to the Λ subsystem is discussed in Sec. IV A. We compare the predictions of our master equation to the results of a numerical integration of Maxwell-Bloch equations and find excellent agreement. The full master equation including the most general form of polariton-polariton interactions is covered in Sec. IV B, and the mapping to the dissipative Lieb-Liniger model is outlined in Sec. IV C. Finally, in Sec. IV D we compare the advantages and disadvantages between the atomic level schemes in Figs. 2 and 5 that both give rise to the same master equation for dark-state polaritons.
II. DESCRIPTION OF THE SYSTEM
We start with a more detailed description of our onedimensional model shown in Figs. 1 and 2 . Each of the N atoms interacts with control and probe fields denoted by Ω ± andÊ ± , respectively. The control fields of frequency ω c are treated classically and Ω + (Ω − ) labels the Rabi frequency of the control field propagating in the positive (negative) z direction. In addition, we assume that the control fields are spatially homogeneous and that the Rabi frequencies Ω ± are real. The probe fieldsÊ + and E − are quantum fields that propagate in the positive and negative z direction, respectively. They are defined aŝ
where a ±kc+k are photon annihilation operators of a mode with frequency ω ±kc+k and k c (−k c ) is the wave number of the control field Ω + (Ω − ). We assume that the wave numbers k satisfy |k| ≪ k c which implies that the envelope of the quantum fields varies slowly on a lengthscale defined by the wavelength of the optical fields. We model the time evolution of the atoms and the quantized probe fields by a master equation [51] for their density operator ̺,̺
where the system Hamiltonian H = H 0 + H Λ + H NL is comprised of three parts. H 0 describes the free time evolution of the atoms and the probe fields, and H Λ accounts for the interaction of the probe and control fields with the Λ-subsystem formed by states |1 , |2 and |3 . On the other hand, H NL accounts for the coupling of the probe fields to the |2 ↔ |4 transition and results in a nonlinear coupling between probe field photons [34] [35] [36] [37] [38] [39] [40] . In a rotating frame that removes the time-dependence of the classical laser fields, H 0 , H Λ and H NL are given by
44 ,
Here A µ ii and S (µ) ij are projection and transition operators of atom µ at position z µ , respectively,
ω p is the central frequency of the probe pulse, and g 1 (g 2 ) is the single-photon Rabi frequency on the |3 ↔ |1 (|4 ↔ |2 ) transition. The detuning of the probe field with respect to the transition |3 ↔ |1 (|4 ↔ |2 ) is labeled by δ (∆), and ε is the two-photon detuning,
Here the energy of level |i is ω i (we set ω 1 = 0) and transition frequencies are denoted by
(2) accounts for spontaneous emission from states |3 and |4 ,
, where γ ij is the full decay rate on the transition |i ↔ |j (see Fig. 1 ). Finally, we introduce the parameter
which describes the frequency difference between the probe and control fields. Note that ∆ω is practically equal to the frequency splitting ω 2 between the ground states |1 and |2 if the two-photon detuning ε is small. Next we outline the approach we developed to reduce the master equation (2) for the atoms and quantized probe fields into a master equation solely for dark-state polaritons [16] , formed by collective excitations of photons and atoms.
III. MASTER EQUATION FOR DARK-STATE POLARITONS: DERIVATION
Here we show that the master equation (2) can be simplified considerably if we assume that almost all atoms are in state |1 and that the total number of photons is much smaller than the number of atoms N . This assumption allows us to study the system dynamics entirely in terms of independent bosonic quasi-particle excitations, see Sec. III A. A second simplification is made possible by the concept of dark-state polaritons [16, 17] introduced in Sec. III B. Dark-state polaritons are bosonic quasiparticles that decay only indirectly via the coupling to other bosonic modes that are termed bath excitations. In the so-called slow-light regime, this coupling is much slower than the decay of the bath excitations which is of the order of the decay rates of the excited states |3 and |4 . The existence of these two different time scales enables us to derive a Markovian master equation for the reduced density operator of the dark-state polaritons as outlined in Sec. III D. Throughout this Section, all technical details and lengthy definitions are moved to the Appendix.
A. BOSONIZATION
Here we show that the system described in Sec. II can be mapped to a much simpler system if almost all atoms are in state |1 and if the total number of photons is much smaller than the number of atoms N . We begin with the description of a simple system that consists of M bosonic modes. The annihilation operator of mode i is given by O i (i ∈ {1, . . . , M }) and O = {O 1 , . . . , O M } denotes the set of all operators that obey the commutation relations
If |0 is the vacuum state of the system, it follows that
is a normalized state with n i excitations in mode i and a total number of M i=1 n i excitations. Furthermore, we note that the total state space of M bosonic modes is the tensor product of the state spaces H i associated with the individual modes,
Next we show how the system of Sec. II can be mapped to this simple model outlined in Eqs. (10)- (12) . First we define a vacuum state where all probe field modes are empty and all atoms are in state |1 ,
Second, we define the following operators (m ∈ Z)
where k = n2π/L (n ∈ Z) and A k (D k ) is a sum (difference) of two counter-propagating probe field modes. Since a ±kc+k are photon annihilation operators, it follows that A k and D k obey bosonic commutation relations. The angle ϕ depends on the relative strength of the Rabi frequencies Ω + and Ω − and is defined by [28, 29] 
The operator X k (m) describes a collective spin coherence that is slowly oscillating for m = 0 and fast oscillating for m = 0. The operators H † k (m) and I † k (m) create an excitation in the excited states |3 and |4 , respectively. Next we show that the operators defined in Eqs. (16)- (18) obey bosonic commutation relations for all wave numbers k and all m ∈ Z if almost all atoms are in state |1 . As an example, we discuss the commutation relations for X k (m). Within a manifold with fixed m, we find
where we set A 22 ≈ 0 since almost all atoms are in state |1 . Furthermore, we employed that the mean distance between atoms is much smaller than 1/|k| for all relevant wavenumbers k contributing to the slowly varying envelopes of the control fields. In the case m = n, we find
In contrast to Eq. (20) , the sum cannot be converted into an integral since the mean spacing between the atoms is much larger than 1/k c for realistic densities, where k c is the wavenumber of an optical transition. However, the sum in Eq. (22) represents the average of random numbers on the unit circle in the complex plain, which is zero in the limit N → ∞. We can thus set
, it follows that the operators X k (m) obey bosonic commutation relations if almost all atoms are in state |1 , and corrections scale with 1/N . The same result is found for H k (m) and I k (m). Furthermore, we point out that X k (m), H k (m) and I k (m) describe independent excitations up to corrections that scale with 1/N , i.e., [X k 
In summary, we can introduce the set of bosonic operators
if almost all atoms are in state |1 . This condition can be met if the total state space H tot of the system is restricted to the subspace
that is spanned by states with much less excitations than number of atoms N . From a physical point of view, the system dynamics will be restricted to this subspace if the number of photons is much smaller than the number of atoms, and if initially almost all atoms are in state |1 .
In Appendix A, we show that the Hamiltonian H and the decay term L γ ̺ can be expressed entirely in terms of the bosonic operators in Eq. (23) if the state space is restricted to H FE . We denote the density operator in H FE by̺, and the master equation (2) in H FE can be written as̺
whereH =H 0 +H Λ +H NL . The operatorsH 0 ,H Λ , H NL andL γ̺ are defined in Eqs. (A12), (A14), (A15) and (A16), respectively. These operators approximate their counterparts without tilde in the subspace H FE and are comprised of the bosonic operators in Eq. (23).
B. DARK-STATE POLARITONS
The interaction Hamiltonian H Λ of the Λ-subsystem has the important property that a certain class of its eigenstates are so-called dark states |D . These states are called dark since they do not contain a contribution of the excited state |3 and are thus immune against spontaneous emission. A simple example for a dark state is given by
where the unique definition of the operator ψ k is [29] 
In this equation, A k is a superposition of two counterpropagating probe field modes, and X k = X k (0) describes a slowly varying collective spin coherence. The mixing angle θ determines the weight of the photonic (A k ) and atomic (X k ) components contributing to ψ k and is defined as [16, 17, 26, 28, 29] 
A short calculation shows that |D in Eq. (26) 
and the quasi-particles associated with these excitations are termed dark-state polaritons. It follows from Eq. (30) that
represents a normalized dark state with k n k excitations. We emphasize that the photonic part A k of ψ k contains a pair of counter-propagating probe field modes that are grouped around the wavenumbers of the control fields ±k c rather than the mean wavenumbers ±k p of the probe fields, see Eq. (14) . Note that the states in Eq. (31) would not be true dark states if the probe field modes in A k were grouped around ±k p and if both Ω + and Ω − were different from zero.
C. BOSONIZATION WITH DARK-STATE POLARITONS
We have shown in Sec. III A that the master equation (2) can be formulated in terms of bosonic modes if the system dynamics is restricted to the subspace H FE .
Here we restate this model in terms of long-lived darkstate polaritons introduced in Sec. III B. With the definition of the bright-state polariton [11] 
and the inverse relations of Eqs. (27) and (32), we replace the operators A k and X k (0) in O [see Eq. (23)] by ψ k and φ k . This allows us to write the subspace H FE in Eq. (24) as the tensor product of the state space H S of dark-state polaritons and the state space H B of all other modes termed bath excitations,
The partition of all bosonic modes into dark-state polaritons and bath excitations is motivated by our aim to derive a master equation for the long-lived dark-state polaritons only, see Sec. III D.
In the following, we assume that the Rabi frequencies of the control fields are identical and set
With this choice, H Λ gives rise to the stationary light phenomenon [26, 27] that allows us to trap the probe field inside the medium. Note that any other choice of the Rabi frequencies Ω ± can be treated within the formalism introduced here, and in these cases the calculation follows exactly the same route as detailed below. If the operators A k and X k (0) in the master equation (25) are replaced by ψ k and φ k , we obtain (see Appendix B)
where
describes the free time evolution of the dark-state polaritons. Here we choose a small two-photon detuning
such that H S = 0. The dynamics of the bath excitations is governed by the Liouvillian
where H B accounts for the unitary time evolution of the bath modes and the decay of bath excitations is determined by L The decay term L
γ̺ results in a finite lifetime of the bath excitations that is of the order of the lifetimes of the excited states |3 and |4 . On the other hand, the dark-state polaritons decay only indirectly via the coupling to bath excitations mediated by V . In the slow light limit, this coupling is much slower than the decay of the bath excitations. This existence of two different time scales opens up the possibility to derive a Markovian master equation for the dark-state polaritons alone, and this procedure is outlined in the next Section III D.
D. ELIMINATION OF THE BATH
In the previous Sections III A-III C we achieved to transform the initial master equation (2) [51] and assume that the initial state of the system factorizes into a product of the initial polariton state ̺ D and the vacuum state ̺ B of the bath modes,
Furthermore, we employ the Born-Markov approximation [51] and obtaiṅ
The application of the Born-Markov approximation requires that the coupling of the dark-state polaritons to bath excitations is sufficiently weak and in particular small as compared to the decay rate of bath excitations.
Conditions for the validity of the Born-Markov approximation as well as the assumption in Eq. (39) are discussed in Sec. IV and Appendix C. In order to outline the evaluation of Eq. (41), we write V as
where the rising and lowering parts of V are defined as
respectively. In this equation, S i represents a system operator comprised of dark-state polaritons, and B i is a bath operator. Since we assume that the bath is initially in its vacuum state, we have V (−) ̺ B = 0 which allows us to replace V ̺ B by V (+) ̺ B in Eq. (41) . In addition, the second interaction Hamiltonian V in Eq. (41) can be replaced by V (−) since the contribution of V (+) is negligible, see Appendix C. We thus arrive at
, and the evaluation of the bath correlation functions (40) is discussed in the next Section IV.
IV. MASTER EQUATION FOR DARK-STATE POLARITONS: RESULTS
The master equation (2) 
Here ∆ω = ω p − ω c is the frequency difference between the probe and control fields,
and Γ = γ 31 + γ 32 is the full decay rate of state |3 . Next we summarize the conditions under which Eq. (45) holds. First of all, we note that the two-photon detuning ε is constrained by Eq. (37), and it was assumed that Ω 0 defined in Eq. (29) is large as compared to the decay rates of the excited states and the detuning with state |3 ,
A key assumption in the derivation of Eq. (45) is that the number of atoms is much larger than the number of photons, and that initially almost all atoms are in state |1 . This condition is a prerequisite for the bosonization described in Sec. III A. Furthermore, it was assumed in Sec. III D that initially all bath modes are in the vacuum state, and that the initial density operator of the total system factorizes, see Eq. (39). These conditions can be met if the initial dark-state polariton state is prepared via the slowing and stopping of a probe pulse [16, 17, 20-22, 24, 25, 52] . In this case, the initial state of the darkstate polaritons is a slowly-varying spin coherence, and all other modes are in the vacuum state. The regime of stationary light can then be entered if the counterpropagating control fields are adiabatically switched on. The derivation of Eq. (45) relies on the validity of the Born-Markov approximation. The Born approximation employed in Sec. III D requires that the coupling between the dark-state polaritons and other excitations is sufficiently weak and holds in the slow-light regime where cos 2 θ ≪ 1. On the other hand, the Markov approximation relies on the existence of two very different time scales. The fast time scale is represented by the bath correlation times T B and is of the order of the lifetimes of the excited states |3 and |4 . On the other hand, the slow time scale T S is given by the typical evolution time of dark-state polaritons. The condition T S ≫ T B which justifies the Markov approximation is fulfilled provided that the following inequalities hold,
Here c is the speed of light in the fiber, N ph is the number of photons in the pulse and k max ≥ |k| is the maximum of all occupied wave numbers. In addition, we emphasize that the Markov approximation is only possible if we assume that the fast ground-state coherences X k (m) for m = 0 [see Eq. (16)] are washed out due to the atomic motion on a timescale comparable to the lifetime of the excited state |3 , see Appendix C. Note that this condition is not required in the case of the level scheme discussed in Sec. IV D. If Γ FO denotes the decay rate of the fast oscillating spin coherences, the validity of the master equation (45) requires
If this condition is not fulfilled but if Γ FO is of the order of the decay rates of the excited states, then the general structure of Eq. (45) remains the same, but the prefactors of H 3 , H nd and the decay terms proportional to Γ will be different. Finally, we note that the Hamiltonian H nd in Eq. (46) represents a constant energy shift of the polariton excitations. This term is only present if ∆ω = 0 and hence if the ground states |1 and |2 are non-degenerate. In the following, we will work in an interaction picture with respect to H nd , and the representation of the master equation in this rotating frame can be obtained if H nd is omitted in Eq. (45).
A. STATIONARY LIGHT
In this Section we focus on the phenomenon of stationary light [26, 27] that arises from the interaction of the probe and control fields with the Λ system formed by states |1 , |2 and |3 . Formally, the reduction of the master equation (45) to this case is accomplished if the coupling constant g 2 is set equal to zero. In the following, we formulate the master equation in terms of the operator
It follows from Eq. (30) that ψ is a bosonic field operator that obeys the commutation relations
The master equation (45) for g 2 = 0 readṡ
where H 3 is defined in Eq. (47) and shows that the polaritons experience a quadratic dispersion relation. With the definition (54), this Hamiltonian can be written in the form of a kinetic energy term,
is the effective mass of the polaritons. 
respectively, where
is a dissipator in Lindblad form [51] for an operatorX. The term L 1 ̺ D arises due to the coupling between darkstate polaritons and the difference mode D k . Since the decay rate of the individual modes increases quadratically with the wave number, L 1 ̺ D does not result in an exponential damping but leads to diffusion [27, 28] . On the contrary, L 2 ̺ D leads to identical decay rates for all modes. This term stems from the coupling between darkstate polaritons ψ k and bright polaritons φ k . Since this loss mechanism has not been discussed in the literature yet, we investigate it in more detail here. First of all, we note that L 2 ̺ D is proportional to ∆ω 2 , and ∆ω practically coincides with the splitting of the ground states |1 and |2 [see Eq. (9)]. An important consequence of L 2 ̺ D is that in contrast to EIT, dark-state polaritons in the k = 0 mode decay under the conditions of stationary light provided that the ground states |1 and |2 are nondegenerate. The decay of the mean number of dark-state (56) is omitted. The parameters are the same as in Fig. 3 .
polaritons in the k = 0 mode can be calculated from Eq. (56) and is given by
The accuracy of this result can be confirmed numerically if ψ † 0 ψ 0 is evaluated via Maxwell-Bloch equations for classical probe fields (see Appendix D). The result is shown in Fig. 3 , where the solid line corresponds to the exponential decay according to Eq. (62). The dotted line represents ψ † 0 ψ 0 obtained from the numerical integration of Maxwell-Bloch equations and is in perfect agreement with the predictions of the master equation (56) .
Next we compare the impact of the loss terms L 1 ̺ D and L 2 ̺ D . Equations (59) and (60) imply that L 2 ̺ D becomes comparable to L 1 ̺ D if |∆ω| is of the order of ck max . Since ck max ≈ |∆ω| + cσ k where σ k is the width of the polariton pulse in k space, the two loss terms are comparable if
On the other hand, the width σ k can be estimated to be of the order of 2π/L, where L is the length of the system. The inequality (63) thus implies that the impact of L 2 ̺ D is of the same order of L 1 ̺ D if the wavelength associated with the beat note ∆ω of the probe and control fields is comparable or shorter than L. For realistic values of L of a few centimeters, the term L 2 ̺ D will have a significant impact if |∆ω| is of the order of a few GHz or larger. Note that polariton losses can be minimized by minimizing |∆ω|. This is obvious for L 2 ̺ D since it is proportional to ∆ω 2 . However, also the impact of L 1 ̺ D increases with increasing values of |∆ω| since ck max ≈ |∆ω| + cσ k .
The total losses of dark-state polaritons can be calculated from Eq. (56) . We find that the mean number of dark-state polaritons N obeys
where N = k ψ † k ψ k is the polariton number operator. The solid line in Fig. 4 shows the losses of polaritons according to Eq. (64) where ψ † k ψ k was calculated via the numerical integration of Maxwell-Bloch equations, see Appendix D. On the other hand, the number of darkstate polaritons is proportional to the electromagnetic field intensity,
where Note that the parameters of the first stationary light experiment [27] indicate a ratio of |∆ω|/(ck max ) ≈ 0.75, which is even larger than the value of |∆ω/(ck max ) ≈ 0.25 chosen in Fig. 4 . We emphasize that the loss term L 2 ̺ D arises only in the presence of two counter-propagating control fields. In this case, the photonic component A k in Eq. (14) of the dark-state polaritons ψ k is comprised of counterpropagating probe field modes that are grouped around the wave numbers ±k c of the control field rather than the probe field, see Sec. III B. It follows that the total Hamiltonian H = H 0 +H Λ +H NL in Sec. II does not possess a true dark state for ∆ω = 0. Even the dark-state polaritons ψ k in the k = 0 mode experience a coupling to bright-state polaritons φ k and thus decay. This mechanism is at the heart of Eq. (62) that describes the loss of dark-state polaritons in the k = 0 mode. The situation is different in a standard EIT configuration where only one pair of co-propagating probe and control fields is present, and the loss of dark-state polaritons is described by L 1 ̺ D only.
B. STATIONARY LIGHT WITH TWO-PARTICLE INTERACTION
Next we restate the full master equation (45) in terms of the field operators ψ(z) defined in Eq. (54) . In addition to the terms discussed in Sec. IV A, we have to take into account all contributions proportional to the coupling constant g 2 in Eq. (45) that account for elastic and inelastic polariton-polariton interactions. We obtain [13] 
where H eff is a non-hermitian Hamiltonian,
and H 3 , L 1 ̺ D and L 2 ̺ D are defined in Eqs. (57), (59) and (60), respectively. The parameter
is the complex coupling constant, and
The term proportional tog in Eq. (67) and I̺ D in Eq. (69) account for elastic and inelastic two-particle interactions that originate from the coupling of dark-state polaritons to the excited state |4 . More precisely, the real part ofg gives rise to a hermitian contribution to H eff that accounts for elastic two-particle collisions. On the other hand, the imaginary part ofg together with I̺ D gives rise to a two-particle loss term that can be written in Lindblad form as Im(g/2)D[ψ 2 ]. The master equation (66) is equivalent to Eq. (45) and describes a one-dimensional system of bosons with effective mass m eff that experience elastic and inelastic twoparticle interactions. Except for the two loss terms L 1 ̺ D and L 2 ̺ D , Eq. (66) can be identified with the dissipative Lieb-Liniger model discussed in the next Section.
C. DISSIPATIVE LIEB-LINIGER MODEL
The original Lieb-Liniger model [53] established in 1963 describes bosons in one dimension that experience a repulsive contact interaction. In the limit of strong interactions, the bosons can enter the regime of a TonksGirardeau gas [54] where they behave with respect to many observables as if they were fermions. Recently, it was shown [49] that the original Lieb-Liniger model can be generalized to systems where the bosons experience a contact interaction with complex coupling constant, i.e., they undergo elastic or inelastic two-particle interactions. This dissipative Lieb-Liniger model [49] shows that even a purely dissipative interaction effectively results in a repulsion and produces a Tonks-Girardeau gas in the limit of strong interactions.
The master equation (66) can be identified with the dissipative Lieb-Liniger model provided that the loss terms L 1 ̺ D and L 2 ̺ D are negligible. In the following we specify the conditions that justify this approximation and assume that ∆ω 2 is small enough such that the
On the other hand, the diffusion term L 1 ̺ D is negligible if two conditions are met. First, the dynamics induced by the kinetic energy term proportional to m eff in Eq. (67) must be fast as compared to the inverse decay rate of polaritons introduced by L 1 ̺ D . This can be achieved if we set |δ| ≫ Γ. Second, losses due to L 1 ̺ D must be negligible which imposes a limit on the maximal evolution time
Note that t max ≫ 1/Γ is much larger than the lifetime of the excited state |3 . Under these conditions, the master equation (66) reduces to
and can be identified with the generalized Lieb-Liniger model [49] for a one-dimensional system of bosons with mass m eff and complex interaction parameterg. All features of the Lieb-Liniger model [49, 53] are characterized by a single, dimensionless parameter
where N ph is the number of photons in the pulse. In the strongly correlated regime |G| ≫ 1, the interaction between the particles creates a Tonks-Girardeau (TG) gas where polaritons behave like impenetrable hard-core particles that never occupy the same position. Depending on the sign of the detuning δ and ∆, the elastic interaction between the polaritons can be either attractive or repulsive. The dissipative component of the interaction is negligible for ∆ ≫ γ 42 . In this case, the preparation of a TG gas of polaritons with repulsion can be achieved if δ∆ < 0 [12] . Note that the interaction becomes attractive if δ∆ > 0 which opens up the possibility to enter the super Tonks-Girardeau regime for polaritons [55] [56] [57] .
Since the coupling constantg in Eq. (68) is maximal for ∆ = 0, the Lieb-Liniger parameter |G| and hence the induced correlations are maximal for purely dissipative interactions [13] .
D. OTHER REALIZATIONS
The master equation for dark-state polaritons in Sec. IV was derived under the assumption that the level scheme of each atom is given by Fig. 2 . Here we point out that stationary light and interacting dark-state polaritons can be realized as well with the level scheme in Fig. 5 that was suggested in [11, 29] . Moreover, a straightforward modification of the formalism described in Sec. III demonstrates that the level scheme of Fig. 5 leads to the same master equation (45) for dark-state polaritons as the configuration in Fig. 2 . On the contrary,
FIG. 5. (Color online)
Alternative level scheme that gives rise to the master equation for polaritons described in Sec. IV. All symbols are defined in the same way as in Fig. 2 .
each system displays characteristic advantages and disadvantages that we discuss now.
The major difference between the two configurations is that the level scheme in Fig. 5 creates stationary light via the double-Λ system formed by states |1 , |2 , |3 and |3 . Here each probe field interacts only with the co-propagating control field, and thus no fast oscillating spin coherences X k (m) for m = 0 are produced [58] . This feature is a significant advantage of the system shown in Fig. 5 , since it implies that the master equation (45) remains valid for ultracold atoms or stationary atoms where the condition (53) cannot be fulfilled.
On the other hand, the implementation of the configuration in Fig. 5 comes along with difficulties that do not occur in the case of the level scheme in Fig. 2 . First, we note that the transitions in the Λ configuration of Fig. 2 can be selected by polarization, even if the ground states |1 and |2 are degenerate. This is not the case for the level scheme in Fig. 5 where the level splitting between the ground states |1 and |2 must be large enough such that the transitions |2 ↔ |3 , |1 ↔ |3 and |2 ↔ |3 , |1 ↔ |3 can be addressed independently. Consequently, the parameter |∆ω| must be significantly larger than the Rabi frequencies Ω ± of the control fields which leads to additional losses, see Sec. IV. Second, we point out that the initial polariton pulse in k space is centered around ∆ω/c if it is prepared via the slowing and stopping of a probe pulse. The reason for this is that the wave numbers k of stationary-light polaritons have to be grouped around the wavenumbers ±k c of the control fields, see Sec. III B. If the kinetic energy of the stationary-light polaritons is different from zero (i.e., δ = 0) and in the case of the level scheme of Fig. 5 , the mandatory choice of ∆ω = 0 will lead to a moving polariton pulse even if the control fields have the same intensity.
V. SUMMARY
In this paper we introduced a technique for the description of light-matter interactions under conditions of EIT. More specifically, we described a general method for the derivation of a master equation for dark-state polaritons. In contrast to the standard description [16, 17] based on a Heisenberg-Langevin approach, our master equation facilitates the treatment of polariton losses. This achievement allows us to model general polaritonpolariton interactions that may be conservative, dissipative or a mixture of both. In particular, the master equation approach enables us to study dissipation-induced correlations [49, 50] that are promising in the quest for highly correlated systems since they can be considerably stronger than their conservative counterparts [13] . For the illustration of our technique we use the example of stationary light polaritons that experience a conservative or dissipative interaction. The resulting master equation is discussed in various limiting cases. For stationary-light polaritons we find an additional loss mechanism that was overlooked so far. It is related to the fact that the total Hamiltonian of the system does not possess a true dark state if the ground states are non-degenerate. In particular, polariton losses in level configurations with non-degenerate ground states can be a multiple of those in level schemes with degenerate ground states. Furthermore, we specified conditions that allow us to reduce the full master equation for dark-state polaritons to the dissipative Lieb-Liniger model [49] . Finally, we discussed the atomic level scheme in Fig. 5 that leads to the same master equation for dark-state polaritons as the one in Fig. 2 and compared the advantages and disadvantages of both configurations.
At the heart of our approach is a mapping of the full system dynamics to a conceptually simple system of coupled bosonic modes. This mapping could be the starting point for future studies of EIT systems beyond a Markovian master equation for dark-state polaritons.
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Furthermore, we haveX O |s =X|s for an arbitrary state |s ∈ H FE . In all situations considered below, the operatorX annihilates the vacuum state,X|0 = 0. In addition to Eq. (A1), we thus requirê
The two conditions in Eqs. (A1) and (A2) are sufficient to determineX O since they guarantee that the matrix elements ofX andX O are identical in the subspace H FE . In order to see this, we evaluate the action ofX applied to the states |{n 1 , . . . , n M } that span H FE ,
Here we employed the definition (11) 
and we have 
The representation of the remaining operators that appear in the Hamiltonian H in Eq. (2) can be found in a similar way, the result is
that enter the master equation for dark-state polaritons via Eqs. (40) and (44) . In the following, we approximate the Liouvillian L B by
which amounts to neglect H
B , H
B and H
B in the expression for H B . In a first step, we show how the bath dynamics can be solved exactly with respect to the superoperator in Eq. (C2), and then we specify the conditions that allow us to neglect H (1) is indeed negligible if the dynamics of the system is restricted to the subspace H FE . In addition, all correlation functions in Eq. (C1) where either B i , B j or both stem from V (2) vanish. V (2) may thus only contribute to higher-order terms beyond the Born approximation, but this effect will be small in the slow light limit since V (2) is proportional to cos θ.
Here we only take into account the bath operators 
It follows that the equations of motion for these mean values are given by
γX .
(C4) If we apply this result to the operator U k , we find that the time evolution of U k is determined by a single equation
On the other hand, the mean values of D k and φ k are coupled to P k and Q k via the following set of linear equations,
These simple expressions for the integrals represent an expansion of more complicated terms that holds if Ω 0 is sufficiently large as compared to the detuning |δ| and the decay rates of the excited states [see Eq. (50)]. In addition, ∆ω and |ω k | max must be at most of the order of Ω 0 . If the expressions in Eqs. (C17)-(C21) are plugged into Eq. (C7), we obtain the final result for our master equation (45) . The validity of the Markov approximation requires that the decay of the bath functions in Eqs. (C8)-(C12) is fast as compared to the change of the density operator introduced by these terms. Since the correlation functions decay on a timescale that is of the order of 1/γ ij , the Markov approximation is justified if the conditions in Eqs. (51) and (52) are met. Next we specify the conditions that allow us to neglect H B describes the modification of stationary light due to the fast oscillating spin excitations X k (m) (m = 0). These excitations are washed out due to the motion of the atoms, and the corresponding decay rate Γ FO depends on the temperature of the atomic cloud. Note that the decay of the slowly varying spin excitations X k (0) is significantly smaller than Γ FO since the relevant wavenumbers are several orders of magnitude smaller. We emphasize that a Markovian master equation for the dark-state polaritons corresponding to the level scheme in Fig. 2 is only possible if Γ FO is comparable to the decay rate of the excited states. More specifically, the Hamiltonian H alters the set of equations (C6) and introduces a coupling between P k , Q k and the fast spin coherences X k (±2) . Due to the decay of X k (±2) , the effective coupling between P k , Q k and X k (±2) is given by (Ω 0 cos θ) 2 /Γ FO if Ω 0 cos θ ≪ Γ FO [59] . It follows that the effect of H
B is negligible provided that the condition in Eq. (53) holds, which means that the effective coupling between P k , Q k and X k (±2) is negligible on the timescale 1/Γ which represents the lifetime of excitations in modes {D k , φ k , P k , Q k }. Note that the decay of fast oscillating coherences and condition (53) is not required in the case of the level scheme discussed in Sec. IV D.
The Hamiltonian H (2) B gives rise to a modification of Eq. (C5) that determines U k ,
If the probe field modes form a (quasi-)continuum, then the second term in Eq. (C22) gives rise to an additional decay channel of excitations in the mode U k . We find that the associated decay rate is at most given by
where Γ 1D = g 2 2 L/c is the decay rate of the excited state |4 into the fiber modes. It follows that the influence of H (2) B is negligible provided that Γ U is much smaller than γ 42 , which can always be achieved in the slow-light regime.
It remains to discuss the impact of H (3) B
and V (1) . These terms are negligible since the physical processes described by them are off-resonant and therefore strongly suppressed. Formally, the latter result can be obtained via a rotating-wave type approximation if the operators φ k and D k in H 
B . The influence of these operators is found to be small if g 2 /Ω 0 ∝ 1/N ≪ 1, where N is the total number of atoms.
Finally, we note that we have verified the validity of the approximations discussed above by the numerical comparison of our master equation with the results of the full dynamics for a single mode.
Appendix D: MAXWELL-BLOCH EQUATIONS
Here we outline the numerical integration of the coupled Maxwell-Bloch equations [60] for classical probe and control fields that interact with the Λ subsystem formed by states |1 , |2 and |3 . The density operator of a single atom at position z is denoted by R, and the coherence R 31 = 3|R|1 is written as the sum of two counterpropagating terms, We assume that the probe fields are weak such that we can set R 11 ≈ 1, and apply the secular approximation where we drop fast oscillating terms exp[±2ik p z]. The Bloch equations of the system are thus given by [28, 61] ∂ t R 
where we employed the slowly varying envelope approximation [60] . The set of equations (D3) and (D4) allows us to determine G ± as well as the atomic variables R. Note that equivalent results without the secular approximation can be obtained [29] if the level scheme in Fig. 4 is employed. In the slow light limit, the expectation value of the polariton pulse in position space is directly proportional to the expectation value of the ground-state coherence,
It follows that ψ k can be calculated from R 12 (z) via a Fourier transformation with respect to position, and we have ψ † k ψ k = | ψ k | 2 since a classical probe field corresponds to a coherent state.
